Condensation of an ideal gas obeying non-Abelian statistic 
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We consider the thermodynamic geometry of an ideal non-Abelian gas. We show that, for a certain value 
of the fractional parameter and at the relevant maximum value of fugacity, the thermodynamic curvature has a 
singular point. This indicates a condensation such as Bose-Einstein condensation for non-Abelian statistics and 
we work out the phase transition temperature in various dimensions. 
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I. INTRODUCTION 

Bose-Einstein condensation (BEC) is a well-known phe- 
nomenon for boson gas which was first predicted in 1924 [Q]] 
and later observed in 1995 in a remarkable series of experi- 
ments on vapors of rubidium and sodium J3, [H . It has been 
shown that there is no condensation for the nonrelativistic bo- 
son particles in the two and one spatial dimensions while, for 
ultra relativistic particles one can find a finite phase transition 
temperature in all dimensions D > 2 04Q. A natural question 
to raise here is whether there are other statistical systems that 
can be condensate and if they occur in low dimensions. It 
has been shown that an ideal boson gas has an upper bound 
on fugacity, where the thermodynamic curvature is singular 
and where BEC occurs. Recently, we investigated the thermo- 
dynamic geometry of some systems with intermediate statis- 
tics and found some evidence for the condensation of nonpure 
bosonic systems. 

Thermodynamics of different models can be studied by a 
qualitative tool, namely, the thermodynamic curvature, which 
has been introduced by the theory of thermodynamic geome- 
try |H|-|7l]. Thermodynamic geometry can be used as a measure 
of statistical interaction, e.g., the thermodynamic curvature of 
an ideal classical gas is zero and it is positive and negative 
for boson and fermion gases, respectively, indicating that the 
statistical interactions of these models are non interacting, at- 
tractive, and repulsive JUI^]. It was argued that the scalar cur- 
vature could be used to show that fermion gases were more 
stable than boson gases and that, therefore, one can utilize 
the scalar curvature as a stability criterion J9J. Also, it has 
been shown that the singular point of thermodynamic curva- 
ture coincides with the critical phase transition point of some 
thermodynamic systems [9J [l0|]. Recently, we worked out 
the thermodynamic curvature of a thermodynamic system in 
which particles obey fractional exclusion statistics 111 ill . The 
study yielded some interesting results about the thermody- 
namic properties of these systems. 

Investigation of the thermodynamic geometry of an ideal 
gas with particles obeying Abelian fractional exclusion statis- 
tics has shown that there is no phase transition such as Bose- 
Einstein condensation, while for other kinds of intermediate 
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statistics such as Polychronakos and ^-deformed bosons, the 
singular point of thermodynamic curvature coincides with the 
condensation point 111 ill . In this paper, we consider the pos- 
sibility of condensation of an ideal gas with particles obeying 
non-Abelain exclusion statistics. A hint to a possible origin of 
non-Abelian systems may lie in the observation that these sys- 
tems are fluids in which microscopic particles of a quantum 
statistics group form clusters whose statistics is effectively 
bosonic. These clusters then form a Bose-Einstein conden- 
sate. Generally, breaking of a cluster in that condensate costs 
energy equal at least to the energy gap. Generally speaking, 
vortices formed in these Bose-Einstein condensates become 
non-Abelian quasiparticles when their presence allows clus- 
ters to be broken at no energy cost, leading to ground state 
degeneracy |12n . 

Haldane introduced the idea of generalized Pauli principle 
or fractional exclusion statistics 11311 - His definition of par- 
ticles obeying the generalized exclusion statistics with finite 
dimensional Hilbert space is motivated by such physical ex- 
amples as quasiparticles in the fractional quantum Hall system 
and spinons in antiferromagnetic spin chains [14]. The frac- 
tional parameter governing the fractional exclusion statistics 
in this case is defined by g = — M, where Ad is the change 
in the dimension of the single particle Hilbert space and AN 
is the change in the number of particles when the size of the 
system and the boundary conditions are unchanged. The frac- 
tional parameter is a real number < g < 1, and the marginal 
value g — (g — 1) corresponds to bosons (fermions). It 
has been shown that spinons in the Heisenberg chains could 
also show the non-Abelian exclusion statistics tl5fl . It is well 
known that strongly correlated many body systems, especially 
in the low dimensions, can have quasiparticles that are very 
different from the microscopic degrees of freedom from which 
the system is built. Also, the braid group in two spatial dimen- 
sions may be represented by the noncommute matrices; the 
non-Abelian braid statistics could be realized in a real world. 
These include the quasi particles in the non-Abelian fractional 
quantum Hall state as well as those in the conformal field the- 
ory MM. 

This paper is organized as follows. In Sec. II, we summa- 
rized some properties of the non-Abelian statistics and some 
thermodynamic quantities of an ideal gas with particles obey- 
ing non-Abelian statistics being explored. Thermodynamic 
geometry and some interesting properties of this kind of statis- 
tics are investigated in Sec. III. In Sec. IV, we will show 
that the singular point of thermodynamic geometry at the up- 
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per bound of fugacity coincides with to the singular point of 
derivative of particle number and there is a condensation at a 
related temperature for a specified value of fractional param- 
eter. 



II. NON-ABELIAN STATISTICS 

Using the thermodynamic Bethe ansatz for specific nondi- 
agonal scattering matrices, the occupation number distribu- 
tion function for the particle obeying the non-Abelian statis- 
tics has been derived by Guruswamy and Schoutens 11711 . 
They proposed the following equation for M types of parti- 
cles and k types of pseudoparticles: 



^W^rK^, a=i,...,m, 
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where olab is the Abelian part statistics matrix, G,a = Gai = 
— and G, ; - = i(Cjt-i)y, with Qj as the Cartan matrix of 
the associated group. Also, A„ is the single-level grand canon- 
ical partition function and z a = exp[j3(jU„ — e)] with e as the 
energy level and ji a representing the chemical potential of the 
particle of type a. In the case G,a = 0, the above equations 
describe the Haldane fractional exclusion statistics. The sim- 
plest extension of the Abelian to non-Abelian case is related 
to the M = 1 and k = 2, which can describe the g-pfaffian non- 
Abelian fractional quantum Hall effect. In this case, the above 
equations reduce to the following relations lfl6l [nil : 
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a — |). However, for a < | behavior of n(A) is similar to a 
bosonic gas and so we cannot exclude condensed states. This 
is an interesting possibility for this non-Abelian statistics. It 
should be noted that in this case the non-Abelian statistics has 
a completely different behavior compared to the Abelian frac- 
tional exclusion statistics. 

In the thermodynamic limit, the internal energy and particle 
number of an exclusion gas in a D-dimensional box of volume 
L D with the dispersion relation e = ap a can be written as 



U = / e n(A)Q.(e)de, 
Jo 
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re(A)Q(e)de. (6) 



Neglecting the spin of the particles, £l(e) = -^re D ^ a 1 will 
be the density of the single particle state for the system. A — 
is a constant and we will set it equal to one (A = 1) 
for simplicity. Obtaining the internal energy and the particle 
number of the ideal non-Abelian gas for an arbitrary fractional 
parameter will not be possible because Eq. <[3j is not solvable 
with respect to A for an arbitrary value of fractional parameter. 
One can change the integrating variable £ to A by using the 
following relations 
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where z = exp(j3/x) is the fugacity of gas. Thus, the internal 
energy and particle number are given by 
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Eliminating Ai from the above equations yields, 
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A«(l+A 1 /2)-i/2 = z . 
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where Ao is the zero energy grand partition function which 
satisfies zyl + VAo = (Ao — 1)A" ~' and e — °° corresponds 
to A= 1. 



Since the distribution function n is defined by n = d }^} , we 
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III. THERMODYNAMIC GEOMETRY OF NON-ABELIAN 
STATISTICS 



"(A) 
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It is simple to show that the distribution function «(A) has 
two different behaviors in the extremal limits of z which are 
not exactly similar to the Abelian exclusion statistics. 
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For a > 4, the maximum population — is finite and we 

4 r a- ^ 

do not expect a phase transition. This is similar to the Abelian 



fractional exclusion statistics where n(A) 



Now, we are going to construct the thermodynamic geome- 
try of an ideal non-Abelian statistic gas. One can use various 
thermodynamic potentials for obtaining the metric elements 
of the thermodynamic parameter space. The appropriate rep- 
resentation in the present case belongs to the second deriva- 
tives of the logarithm of partition function, 3f, with respect to 
the thermodynamic parameters j3 = 1 jk^T and y = — jU /kgT. 
Therefore, the metric elements are given by 



Sij 



WW 1 ' 
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The thermodynamic parameter space is a two-dimensional 
(2D) space ()3 1 , j8 2 ) = (/3,y). For computing the thermo- 
dynamic metric, we select one of the extended variables as 
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the constant system scale. We will implicitly pick volume in 
working with the grand canonical ensemble. The metric ele- 
ments of thermodynamic space of an ideal non-Abelian statis- 
tic gas are given by 
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Now we can evaluate the Christoffel symbol, T,^ = 
\ {Sij.k + gik.j — Sjk,i) > using the derivative of the metric el- 
ements with respect to the thermodynamic parameter. There- 
fore, one can evaluate the well-known Riemann tensor, Ricci 
tensor, and finally, the Ricci scalar, which will be called the 
thermodynamic curvature because of the identity of the con- 
structed geometry. 

Before considering the thermodynamic geometry of the 
system, we explain a subtle point about the fugacity of an 
ideal non-Abelian statistic gas. We remember that the fugac- 
ity of an ideal boson gas has an upper bound, where the Bose- 
Einstein condensation occurs. In a recent paper, we showed 
that the fugacity of an ideal gas with particles obeying a spe- 
cial kind of fractional statistics has an upper bound, too, which 
is related to the fractional parameter values 111 ill . We have in- 
vestigated the thermodynamic geometry of Abelian Haldane 
fractional exclusion gas in more detail to find no upper bound 
on fugacity and, therefore, no condensation to occur. Here, 
we consider the existence of the upper bound on fugacity of 
a non-Abelian gas. For zero energy particles, the right hand 
side of Eq. (01 is replaced by the fugacity of gas. Explor- 
ing a condition for the maximum value of fugacity motivated 
us to differentiate Eq. (f3]) with respect to A. Thus, 4| = 
represents a relation between the fractional parameter and A, 



A = 
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Substituting the above equation in Eq. (0) reveals that the 
maximum point appears only in the interval < a < 0.25 as 
depicted in Fig. Q] For other values of fractional parameter 
out of this interval, there is no upper bound on fugacity. The 
thermodynamic geometry of an ideal non-Abelian gas is pre- 
sented in Fig. |2] One can observe that the thermodynamic 
curvature of a non-Abelian gas has a singularity for fractional 
parameters in the interval < a < 0.25 at relevant maximum 
values of fugacity. It should be mentioned that the statistical 
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FIG. 1 : (Color online) Maximum value of fugacity of an ideal non- 
Abelian gas as a function of fractional parameter. 




FIG. 2: (Color online) Thermodynamic curvature of an ideal non- 
Abelian gas as a function of fugacity for isotherm processes (/3 = 
l,D/a — 3/2). R is singular at z = Zmax for fractional parameter in 
the interval < a < 0.25. 



interaction of an ideal non-Abelian gas is attractive in the full 
physical range for the fractional parameter in the specified in- 
terval, while for other values of fractional parameter, the ther- 
modynamic curvature tends toward negative values at the low 
temperature limit (quantum limit) and the statistical interac- 
tion becomes repulsive. It seems that the particles obeying 
non-Abelian fractional statistics with the fractional parameter 
a > 0.25 at T = exhibit Fermi surfaces such as Haldane 
fractional exclusion statistics ifllll . 
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IV. CONDENSATION OF NON-ABELIAN STATISTIC GAS 



It is well known that the thermodynamic curvature of an 
ideal boson gas is singular at z = 1 ■ Also, the particle number 
as a function of fugacity has an infinite slope at the maximum 
value of fugacity where the Bose-Einstein condensation oc- 
curs. In the case of ideal non-Abelian gas, it is evident from 
Figs. |3] and 2] that the particle number for each value of the 
fractional parameter in the foregoing interval has an infinite 
slope and a finite value at the relevant maximum point of fu- 
gacity. In other words, we can use an analytical method to 
show that the derivative of the particle number with respect to 
fugacity is singular at the maximum value of fugacity, which 
indicates that the maximum value is a critical value of fugac- 
ity. According to Eq. © the derivative of particle number is 
derived 



dN 
~dz~ 



dn(A) dA 
dA ~dz 



Q.{e)de. 



(12) 



Since 4i\^ max — 0, derivative of the particle number diverges 
at maximum value of fugacity. Therefore, we argue that there 
is a condensation for a non-Abelian gas at maximum value of 
fugacity for the fractional parameter in a specific interval. It 
has been shown that the phase transition temperature for an 
ideal boson gas has a finite value for ^ > 1 . Now we explore 
the possibility of condensation in various cases for an ideal 
non-Abelian gas. One can obtain the phase transition temper- 
ature by using the particle number relation at z — z m ax in Eq. 



k B T c : 



W2 



fLiH^^^-'dilnA) 



nT(D/2) 



-a/D 
(13) 



where T c is the phase transition temperature and n = jp 



is the 

particle density assumed to be constant. Figure [5] shows that 
there is a finite phase transition temperature in three and two 
spatial dimensions for a nonrelativistic, ideal non-Abelian gas 
with a fractional parameter in the interval mentioned above. 
In the two dimensional case, for a — 0.25, the phase transi- 
tion temperature tends to zero, T c = 0, while the maximum 
value of fugacity is z max = 1 . This point is similar to a boson 
gas which has no condensation in two dimensions for nonrel- 
ativistic particles. For ultrarelativistic particles, one can find 
a finite critical temperature in all dimensions except in D = 1 
for a ^ 0.25. It is an interesting phenomenon that, unlike the 
case of the boson gas, the condensation for a non-Abelian gas 
can occur in even two spatial dimensions with the particles in 
a nonrelativistic regime but in all dimensions in an ultrarela- 
tivistic regime. 

The interval of fractional parameter in which there is an 
upper bound on fugacity may be related to the selection of M 
types of particles and k types of pseudoparticles. We selected 
the simplest form of non-Abelian statistics. For the other val- 
ues of M and k, we encountered a certain degree of complexity 
when trying to obtain the distribution function and the ensuing 
evaluations. To answer the initial question of this paper, selec- 
tion of the simplest case led us to the non-Abelian exclusion 
statistics which could be condensate in even low dimensions. 
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FIG. 3: (Color online) Particle number of an ideal non-Abelian gas 
with different fractional parameter (red solid line, a = 0.05; blue 
dashed line a = 0.1, green dash-dotted line a = 0.2; and purple dot- 
ted line, a = 0.4) as a function of fugacity for isotherm processes. 
(j3 = l,D/CT = 3/2). 



FIG. 4: (Color online) The derivative of particle number of an ideal 
non-Abelian gas with different fractional parameter (red solid line, 
a = 0.05; blue dashed line a = 0.1; green dash-dotted line a = 0.2; 
and purple dotted line a = 0.4) as a function of fugacity for isotherm 
processes. (J3 = 1, D/a = 3/2). 



5 



BT 



0.9 
0.8 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 




0.05 0.1 0.15 0.2 0.25 

a 



FIG. 5: (Color online) Phase transition temperature as a function of 
fractional parameter for non-relativistic particles in (D = 3) (blue 
square symbols) and (D = 2) (red diamond symbols). B = k " n 
a constant. 
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V. CONCLUSION AND DISCUSSION 

We considered the non-Abelian statistics, which has k = 2. 
We notice that if one sets Gm = 0, which is the non-Abelian 
part of the statistics, we will have 



(A-l)A a = z. 



(14) 



rameter is a = [(k - 1 )M + 2} /2 (kM + T} = (M + 2) /4(M + 1 ), 
which is bounded from below by 1/4 111711 . Therefore, Eq. (0) 
for a > 1/4 describes the Moore-Read states and according 
to the behavior of thermodynamic curvature and mean occu- 
pation number in the low temperature limit, the statistics is 
fractional exclusion such as Haldane statistics, and therefore 
there is no condensation for a > 1/4. We have also explored 
< a < 1/4 where the theory is still well defined and consis- 
tent, however, the non-Abelian statistics is boson like and has 
no exclusion property. The statistical interaction is attractive 
in full physical range and it has singularity for specified values 
of fugacity where the condensation occurs. It should be noted 
that the non-Abelian character of the gas for < a < 1/4 
should be investigated more carefully in the future and we 
cannot rely on the results from fractional exclusion statistics. 

Thermodynamic geometry of an ideal non-Abelian statistic 
gas worked out and one can observe that for a < 1/4, there is 
an upper bound for fugacity of gas, where the thermodynamic 
curvature is singular. Also, the particle number has a finite 
value and infinite slope at z = Zmax- Therefore, we argued that 
there is a phase transition such as Bose-Einstein condensation 
for specified values of fractional parameter. Phase transition 
temperature was derived and it was shown that there is a finite 
temperature, even for low dimensions. 

Whereas the non-Abelian statistics has many interesting re- 
lationships with the fractional quantum Hall effect and the 
non-Abelians play a major role in the g-pfaffian Hall states 
[ 18] and also due to their candidacy for constructing the topo- 
logical quantum computers 11911 . the condensation of these 
kinds of non-Abelian statistics in 3D and 2D can be an out- 
standing phenomenon in this field and may point to new states 
of matter. 



The above equation describes the non-Abelian statistics, 
where a is a parameter and takes values < a < 1. As 
we know, the Moore-Read state in addition to k = 2 has 
a free parameter M = q — 1, which set the filing fraction, 
V = k/(Mk + 2) = l/(M + 1), and the related fractional pa- 
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